We propose an axiomatic derivation and a classification of multiperson social dilemma games. For the two-person symmetric games, the axiomatization leads to three types of the social dilemmas only: the Prisoner's Dilemma (PD) game, the Chicken (Snowdrift) game and the Stag Hunt game. The popular multiperson games, such as for example the N-person PD, the Public Goods, the Tragedy of the Commons, the Volunteer's Dilemma and the Assurance game, are included in the proposed frame. For general social dilemma games with arbitrary payoffs, their simple classification is proposed, based on the number of stable equilibria of the corresponding replicator dynamics.
Introduction
Social dilemmas describe situations in which selfish decisions by autonomous individuals jointly result in group inefficient outcomes. The notion dilemma comes from the fact that acting in one's self-interest is tempting to every individual involved, even though all individuals would benefit from acting in the group interest. Social dilemmas have attracted a great deal of interest of scholars in various branches of science, among others in psychology, sociology, economy, politics, biology, cf. e.g., [5, [9] [10] [11] 13, 16, 19, 21, 22] and references cited therein.
The formal approach to social dilemmas is provided by game theory. The corresponding models, i.e., social dilemma games, were studied by many scholars, cf. e.g., [1, 4, 6, 12, 14, 15] . In the context of N-person strategic games with two strategies (N-person binary games): cooperate and defect, Dawes, cf. [4] and references therein, characterizes social dilemma games as such in which "1. the payoff when m other people cooperate is always higher for an individual who remains a defector than for one who becomes the m plus first cooperator and 2. universal cooperation among the N players leads to a greater payoff than does universal defection..". He also analyzes two games (the "Take Some" and the "Give Some" games) which in addition satisfy inequalities equivalent to strong monotonicity of the payoff functions.
Liebrand [12] defines social dilemma as a situation in which " (1) there is a strategy that yields the person the best payoff in at least one configuration of strategy choices and that has a negative impact on the interests of the other persons involved, and (2) the choice of that particular strategy by all persons results in a deficient outcome." The definition of Liebrand extended the set of social dilemmas from the PD game, studied e.g., in the social sciences and in the evolutionary game theory as a paradigm for the evolution of cooperation, to other two-player games: the Chicken (Snowdrift) game and the Stag Hunt (Assurance) game. These different types of social dilemmas can be characterized by a different level of "social tension." In particular, while the Assurance game has fear built in, the Chicken game has greed rather then fear, whereas the PD has both fear and greed built in (formalization of these notions for general multiperson games is presented later, cf. Sect. 3).
In [15] , the authors characterize the N-person binary games through their properties, including the number of steady states, as well as the asymptotic properties of the state trajectories, and show, by the agent-based simulations, that at least three different types of solutions can be obtained for the PD game by properly changing the payoff functions. They considered a discrete dynamic system and linear payoff functions with a set of four standard PD parameters.
In the first part of the present paper, we propose an axiomatization of the social dilemmas for multiperson games, which embraces not only the most popular games, such as the Nperson PD, Public Good and Tragedy of the Commons, but also, e.g., the Assurance game, the Volunteer's Dilemma and their variants with a threshold. In the second part, using the introduced formalism and the axiomatization, we propose a simple categorization of the multiperson social dilemmas, based on the formalism of the evolutionary game theory, more in particular on the number and properties of the equilibria of the corresponding replicator dynamics (RD) [8, 20] . For the considered games with two strategies, the RD is reduced to one differential equation, with polynomial rhs's. The classification is based on the number of stable polymorphic equilibria of the RD. In the case of two-player games, it gives only three standard types of social dilemma games: the PD game, the Chicken Game and the Stag Hunt game.
In the next section we recall, using a unified notation, various types of multiperson social dilemmas. In Sect. 3, we formulate the axioms which define social dilemma games, and we prove that, in particular, all presented multiperson games satisfy the axioms, i.e., they are social dilemma games. In Sect. 4, we propose the classification of multiperson social dilemma games. The paper ends with a discussion and suggestions of some directions of research.
Multiplayer Social Dilemmas
We consider general N-person strategic games
where ℵ is the set of N ≥ 2 identical individuals who can choose strategy C: cooperate for the collective best interest, or D: defect to pursue its own self-interest and receive strategydependent payoffs: P C (n) for an individual who plays strategy C, and P D (n) for that who plays strategy D, where n ∈ {0, 1, ..., N } is the number of players who use strategy C. The payoff matrix reads C · · · C C· · · CD · · · CD · · · D D · · · D C P C (N )
where e.g., C · · · CD stands for the set of N − 2 C-players and one D-player.
The following examples, commonly known as social dilemma games, are presented in the frame of this unified notation.
I. N -person Prisoner's Dilemma Each of N players chooses one of two strategies: C: cooperate, i.e., to generate a benefit b paying a cost c, where b > c > 0, or D: defect, i.e., to do nothing. The benefit b is shared by all other players. The individual payoffs of players who use strategy C, D, are given, respectively, by
II. Public Goods
Each of N players has an amount c of an indivisible goods, and two actions: C: Contribute with c into the common pool (cooperate) or D: do not contribute (defect). After the players have chosen their actions, the amount in the common pool is multiplied by r , N > r > 1, and distributed equally among all players. When n players choose C, the final payoff of each cooperator, P C and of each defector, P D are given, respectively, by
III. Tragedy of the Commons
Each of N farmers can keep a cow (strategy D) or not (strategy C) on a common pasture. The utility of a cow is b, and its damage to the environment is c, with 0 < b < c < bN . All farmers pay evenly the total damage of all the cows kept. Let n be the number of farmers who use strategy C, i.e., who do not keep a cow. Thus, the total damage is c(N − n), and the payoffs from both strategies are:
For N = 2 the games I, II, III are the particular cases of the PD game with (see the beginning of Sect. 4 for the notation) Tragedy of the Commons. IV. Volunteer's Dilemma Electricity has gone out in a quarter. Each of N inhabitants can notify the electric company at some cost c (strategy C) or not (strategy D). The benefit of each inhabitant is b if n ≥ 1 inhabitants notify the company, and 0 otherwise, where b > c > 0.
The payoffs read:
V. Assurance Game Each of N players receives a unit as an initial endowment and has two options: to work on a common project (action C) or not to work (action D). To accomplish the project, all players have to work on it, and the final benefit of each of N players is b > 1. If at least one player does not work, those who kept working on the project obtain zero. Those who do not work keep 1 as their final payoff. The corresponding payoff functions read
Axiomatization of Multiplayer Social Dilemmas
In this section, we develop an axiomatic derivation of the social dilemma games for general multiplayer games (1) and show that, in particular, the N -person games defined in the previous sections are the social dilemma games.
Definition 1
Multiplayer social dilemma game is the strategic game (1) which satisfies the axioms: Axiom 1. N C-players are better off than N D-players:
Axiom 2. The payoffs are nondecreasing functions of the number of cooperators:
Thus, if a C-player changes to D, the other C-players are not better off then before the change.
In other words, if a D-player changes to C, the other D-players are not worse off then before the change.
Axiom 3. Strategy C does not 'weakly' dominate strategy D:
Otherwise, the players could be tempted to choose C, i.e., there would be no "dilemma." We can rewrite (6) in the form:
This set of axioms is logically consistent: none of the axiom follows from other two axioms. By straightforward calculations, we check that the multiplayer games I, II, III, IV, V satisfy Axioms 1, 2, 3 for all N ≥ 2, i.e., they are multiplayer social dilemma games. We note that various other classes of N-person games, popularly described as social dilemmas, also satisfy the axioms. As an example, we consider the N-person PD game with a threshold M > 0, defined as follows. Each of cooperators bears a cost c > 0 and generates a benefit b > c, but only if the number of cooperators n ≥ M. Otherwise their effort is lost. The benefit b is shared among all other N − 1 players. Defectors generate no benefit. Formally, with being a step function: (x) = 1 for x ≥ 0, (x) = 0 otherwise,
We left to the reader verification of the axioms. Similarly, the axioms are satisfied for the variants of the Volunteer's Dilemma and the Assurance game, in which the payoff from cooperation increases with the number of cooperators, and for analogous games with a threshold.
We introduce a formal definition of greed and fear, characterizing various types of psychological tension in the considered social dilemma games. In the next section, we apply these notions to characterize the social tension in 2-player social dilemmas.
Consider a group of N individuals with n ≥ 2 C-players. 1. Greed: Greed occurs when a C-player would be better off exploiting other C-players by changing to D: P C (n) < P D (n − 1).
2. Fear: Fear is present when a C-player X is afraid that if another C-player changes to D, then X receives less, whereas X would be better off by changing to D as well. Formally:
Two-Player Social Dilemmas
In this section, we show that the general two-player symmetric games with the payoff matrix We note that with the restriction R = T, S = P, in particular the Weak PD game T > R > P = S [18] is not included into the scheme, on the other hand we also avoid other types of nongeneric games, which otherwise would have to be admitted as social dilemma games. The equality R = S allows to classify the two-person Volunteer's Dilemma (see Example IV of Sect. 2) as a particular type of the Chicken game. The Hawk-Dove game
, c > v > 0 is also a particular case of the Chicken game, with strategy Dove as a cooperative strategy. The weak inequality T ≥ P admits as Stag Hunt games, the games in which the payoff of a defector decreases with the number of defectors, as well as the games in which it does not depend on the number of defectors.
Proof For two-player symmetric games, Axioms 1, 2 results in the inequalities:
Axiom 3 can be written in the form: S < P or R < T , which can be realized by each of the following three pairs of inequalities: T1. S < P ∧ R < T : together with (10) it gives the PD game. T2. S > P ∧ R < T : together with (10) it gives the Chicken game. T3. S < P ∧ R > T : together with (10) it gives the Stag Hunt game.
Using the notions of Greed and Fear, defined in the previous section, we note that for the two-person social dilemma games Greed occurs when R < T , whereas Fear occurs when R > S and P > S. Analysis of the payoff matrices of the three social dilemma games shows that in the PD both Greed and Fear are present, in the Chicken game only Greed, and in the Assurance game only Fear are present.
Note that in all these cases not only R > P, as required by Axiom 1, but also T > S, i.e., in the mixed 2-person group the defector is better off then the cooperator. We can generalize this requirement to general multiplayer games, imposing the additional axiom: In any mixed group (i.e., with at least one D-player and one C-player), D-players are better off than Cplayers:
We also note that while for N = 2 inequality (11) results from Axioms 1, 2, 3, for N > 2 it would limit the number of different types of multiplayer social dilemma games. For the N-player games in which each person plays, with each of N − 1 other persons, the general two-player game defined at the beginning of this section, the payoff of a player who plays strategy C or D is defined as, respectively,
By straightforward calculations, we prove
Lemma 2
The N-person games (12) , (13) , which satisfy R ≥ S, T ≥ P, R > P, and one of the pair of inequalities T1, T2, T3 in the proof of Lemma 1, satisfy Axioms 1-3.
Classification of Social Dilemma Games
We classify the social dilemma games using the formalism of the evolutionary game theory. We consider an infinite population of individuals who are randomly matched in N -person groups and play at each instant of time a N -person game defined by the payoff matrix (2) . The evolution of such system can be described by the replicator equations [8, 20] . Let x denote the fraction of cooperators in the population. The replicator equation for the general N -person game reads
where
Our classification of the social dilemma is based on the number and stability properties of the equilibria of (14), i.e., of zeros of the polynomial on the rhs of (14) . Let k denote the number of locally attracting polymorphic equilibria of (14), i.e., internal equilibria in the unit interval. We define the following classes of evolutionary social dilemma games. This class is similar to the class 1 (however, the standard Harmony game, corresponding to k = 0 and N = 2, is excluded due to Axiom 3).
We classify the general multiperson social dilemmas I-V considered in Sect. 2.
Lemma 3
The N-person social dilemmas I, II, III are zeroth-order A-R games.
Proof Straightforward, inserting the relevant payoffs P C and P D , using the fact that for a given game the factor P C (N − k) − P D (N − k − 1) in (15) is a negative constant, independent of k, and the identity N −1
Lemma 4 The N-person social dilemma IV is the first-order R-R game. The N-person social dilemma V is the zeroth-order A-A game.
Proof Straightforward, inserting the relevant payoffs. In the case IV, inserting the payoffs we obtain
In the case V, inserting the payoffs we obtain
In this classification we do not, for simplicity, consider situations in which the polynomial W (x) possesses one-dimensional saddles. Below, for brevity, the vector [P C (N ), P C (N − 1), . . . , P C (1), P D (N − 1), P D (N − 2) , . . . , P D (1), P D (0)] stands for the general N -person game (2) . With this notation, for example the three-person game [2, 2, 0, 3, 1, 1] has a unique polymorphic equilibrium, which is a one-dimensional saddle of the corresponding replicator dynamics. Starting from any other initial frequency in the interval (0, 1), the frequency of strategy C decreases. We could call such a game the 1 2 -th order A-R dilemma, due to the following arguments: Increasing P D (2) in this game from 3, e.g., to 4, we obtain the zeroth-order A-R dilemma, whereas decreasing P D (2) from 3, e.g., to 2 1 2 , we obtain the first-order A-R game, with two polymorphic equilibria: unstable 2 7 and stable 6 7 . Similarly we could introduce higher-order "fractional" dilemmas, e.g., 1 1 2 -order A-R dilemma with a one-dimensional saddle point.
We discuss some other examples of the general classification. The three-person game [2, 2, 0, 4, 1, 1] is a zeroth-order A-R game, with W (x) = −5x 2 + 4x − 1 < 0 in (15) and x = 0 globally attracting in [0, 1), even though strategy D does not, even weakly, dominate strategy C. Reversing the rows of the payoff matrix of this game, we obtain a zeroth-order R-A, with x = 1 globally attracting in (0, 1]. The game [3, 3, 0, 4, 1, 1] is a first-order A-R game, with two polymorphic equilibria 3∓ √ 3 6 , the larger one being an attractor. The game [2, 1, 1, 3, 2, 0] is a first-order R-R game, with the smaller polymorphic equilibrium being an attractor. The game [3, 0, 0, 2, 1, 1] is a zeroth-order A-A game, with a unique, unstable polymorphic equilibrium √ 2 2 . The five-person game [17, 15, 10, 9, 3, 18, 13, 12, 10, 2] is a second-order R-R game, with two stable (and one unstable) polymorphic equilibria. The game [20, 16, 13, 11, 0, 19, 18, 16, 7, 3] is a first-order five-person A-A game, with one stable (and two unstable) polymorphic equilibria.
Discussion
In this note, we propose an axiomatic derivation and a simple classification of multiperson social dilemmas played in large populations. Various popular types of social dilemma games, such as the Prisoner's Dilemma, Public Goods, the Tragedy of the Commons, the Volunteer's and the Assurance game, satisfy the proposed axiomatization. Various other social dilemmas, for example the multiperson games with discounted benefit functions, see e.g., [3, 7] and references cited therein, can be also included in the considered axiomatic scheme.
In the considered systems, the players are equivalent and they have limited personal capacity. In particular, the players have no memories, they do not make mistakes in their choices of strategies and they can not form collaborative associations. The presented approach does not deal with the problems occurring, e.g., for the two-person repeated games for T + S > 2R when the players can achieve higher average payoffs if they choose C-D and D-C strategy pairs alternately. These problems are left for future research.
The proposed classification is based on the number of stable polymorphic equilibria of the underlining replicator dynamics. The two-player and the higher-order games are treated equally in the proposed classification. However, there are important differences between these two categories of social dilemmas, related to anonymity of decisions, diffusion of the cost of defection and the control of the outcomes of others, cf. e.g., [4, 9] . These properties of higher-order social dilemmas should be perhaps taken into account in their more detailed classification. It may also be of interest to study structural changes in the social dilemmas, which may result in transforming the dilemmas, cf. e.g., [17] . One could also study in this respect the role of the price of anarchy, the price of stability and other characteristics of the social dilemmas, cf. e.g., [2] and reference cited therein.
